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$\mathbb{H}=\{x+iy\in \mathbb{C}|x\in \mathbb{R}, y>0\}$
$ds^{2}= \frac{dx^{2}+dy^{2}}{y^{2}}$
. $\Gamma$ $PSL(2, \mathbb{R})$ , $\Gamma\backslash \mathbb{H}$
$($ $g\geq 2)$ . ,
$Z(s)$ .
(1) $Z_{\Gamma\backslash I\mathbb{I}}(s):= \prod_{\{P_{0}\}}\prod_{l=0}^{\infty}(1-N(P_{0})^{-\epsilon-l})$ , ${\rm Re}(s)>1$ .
, $\{P_{0}\}$ $\Gamma$ , $N(P)$ $\Gamma$ $P$
, $N(P)=|P$ $|^{2}>1$ .
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$r_{n}$ . $\lambda_{n}>1/4$ $1/2\pm ir_{n}$ .
, “ ”
, . - , $r_{n}$
. , Wenzhi Luo $Z(s)$
$Z’(s)$ $\beta’+i\gamma’$ . ,
$N_{1}(T):=\#\{\beta’+i\gamma’|Z’(\beta’+i\gamma’)=0,0<\gamma’\leq T\}$
. (Hejhal [2], Randol [11])
$N_{0}(T)= \frac{Area(\Gamma\backslash \mathbb{H})}{4\pi}T^{2}+O(\frac{T}{\log T}I$ $(Tarrow\infty)$
, ,
. Luo .
THEOREM 1.1 (LUO [7, P. 1142, P. 1147, THEOREMS 1 AND 2])
(2) $N_{1}(T)= \frac{Area(\Gamma\backslash \mathbb{H})}{4\pi}T^{2}+O(T)$ $(Tarrow\infty)$ .
(3)
$0< \gamma’\leq T\sum_{\beta’\geq\iota/2}(\beta’-\frac{1}{2})=\frac{T\log T}{2\pi}+O(T)$
$(Tarrow\infty)$
. ,
$PSL(2, \mathbb{Z})\backslash \mathbb{H}$ $\lambda_{n}=1/4+r_{n}^{2}$
, Luo $PSL(2, \mathbb{Z})\backslash \mathbb{H}$ [10]
. . ,
(4) $N_{0}(T)= \frac{Area(\Gamma\backslash \mathbb{H})}{4\pi}T^{2}-\frac{2}{\pi}T\log T+O(T)$ $(Tarrow\infty)$
$($Hejhal $[$3, p. 511$])$ .
2 $W(s)$
$L^{2}(PSL(2, \mathbb{Z})\backslash \mathbb{H})$




. , $Z(s)$ $(PSL(2, \mathbb{Z})$
, )
. $\Gamma\backslash \mathbb{H}$ ,
$(\triangle$ ( $PSL(2,$ $\mathbb{Z})$ )
$PSL(2, \mathbb{Z})$ ). ,
.
THEOREM 2.1 (CF. VENKOV [15, $P$ . $81]$ , IWANIEC [4, $P$ . $151]$ )







$+ \frac{\pi}{4}\frac{s-}{a-\frac{\frac 121}{2}}\frac{1}{\sin(\pi a)}+\frac{1}{4}\sum_{n_{1}=1}^{\infty}\frac{(-1)^{n_{1}+1}(}{(a-\frac{1}{2})^{2}-\frac{2a-1)(2n_{1}-1)^{2}}{4}}$




$+ \log 2\pi-\frac{2s-1}{a-\frac{1}{2}}\log\sqrt{2\pi}-\frac{1}{s-\frac{1}{2}}+\frac{s-\frac{1}{12}}{(a-\frac{}{2})^{2}}$ ,
, $s$ $a$ .
$Z(s)$ .
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2. $s= \frac{1}{2}\pm ir_{n}(n\geq 1)$ $1/4+r_{n}^{2}$ .
8 $s=E2$ , $\rho$ $\zeta(s)$ .
, $\rho$ .
4. $s=-k(k=1,2, \ldots)$ , .
$(a)s=-(3m-2),$ $m=1,2,$ $\ldots$ ; $\frac{2m-1-(-1)^{Sm}}{2}$ .
$(b)s=-(3m-1),$ $m=1,2,$ $\ldots$ ; $\frac{2m+1+(-1)^{3m}}{2}$ .
$(c)s=-3m,$ $m=1,2,$ $\ldots$ ; $\frac{2m-1-(-1)^{3m}}{2}$ .
:
1. $s=2$ 1 ..
2. $s=0$ 1 ..
3. $s= \frac{1}{2}-m(m=1,2,$ $\ldots)$ 1 .
, $Z(s)$ $\rho/2$ , $Z’(s)$
, $p/2$ .
, $1/2+ir_{n}$ , $Z’(s)$ , $\rho/2$
. , $W(s)$
.
DEFINITION 2.3 (THE MODIFIED SELBERG ZETA FUNCTION)
(6) $W(s):= \frac{Z(s)}{\zeta(2s)}$ , $s\in \mathbb{C}$ .
, $Z(s)$ , $s=\rho/2$
. , 1/2 $ir_{n}$ $W(s)$ . ,
$W’(s)$ $\beta’+i\gamma’$ .
3
[10] . $W’(s)$ $\beta’+i\gamma’$
. $N_{1}^{v}(T)$




(8) $N_{1}^{v}(T)= \frac{Area(\Gamma\backslash \mathbb{H})}{4\pi}T^{2}-\frac{2}{\pi}T\log T+O(T)$ $(Tarrow\infty)$ ,
(9)






$W(s)$ $Z’/Z$ (Theorem 2.1)
.
THEOREM 4.1 ($W(s)$ )
$W(s)=$ $W(1-s) \frac{\Gamma(2s)}{\Gamma(2-2s)}(2\pi)^{2-4\epsilon}\cross$
(10) $\cross$ $\exp(Area(\Gamma\backslash \mathbb{H})\int_{0}^{s-:}v\tan(\pi v)dv-\frac{\pi}{2}\int_{0}^{s-\int}\frac{dv}{\cos(\pi v)}$
$- \frac{4\pi}{3\sqrt{3}}\int_{0}^{s-\#}\frac{\cos(\frac{\pi}{3}v)}{\cos(\pi v)}dv+(2s-1)\log 2\pi)$ .
$s=1/2+it$ ,
$W(s)$ $W’(s)$ .
THEOREM 4.2 $W(1/2+it),$ $W’(1/2+it)$ , $t\geq 7$
.
,
$| \frac{W’}{W}(\frac{1}{2}+it)|$ $>$ $\frac{Area(\Gamma\backslash \mathbb{H})}{2}t\cdot\tanh(\pi t)+\log 2\pi+\frac{\pi}{2}\cdot\frac{1}{e^{\pi t}(1+e^{-2\pi t})}$
$+ \frac{2\pi}{3\sqrt{3}}\cdot\frac{1+e^{-k^{\pi}t}}{e^{2\pi}\tau^{t}(1+e^{-2\pi t})}-\log(1+4t^{2})+\frac{1}{1+4t^{2}}$
$+ \frac{1}{6}\frac{1-4t^{2}}{(1-4t^{2})^{2}+16t^{2}}-\frac{\sqrt{3}\pi}{36\cdot 2(1+4t^{2})^{\S}}$
$>$ $0$ $(t\geq 7)$
, . Figure
1 . , $W(s)$ .
$W’(s)$ ${\rm Re}(s)=1/2$ Berndt [1]
.
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PROPOSITION 4.3 $\sigma 0\geq 3$ , $W’(\sigma+it)\neq 0(\sigma\geq$
$\sigma_{0})$ .
$W’(s)$ ${\rm Re}(s)=1/2$ ,
. ${\rm Re}(s)<1/2$ ,
$Z’(s)$ ([7], [8]), , $W’(s)$
${\rm Re}(s)<1/2$ . Rouch\’e
2 ([14], [9]). .
PROPOSITION 4.4 $\sigma_{L}\geq 2$ , $\{\sigma+it|-$
$n-1\leq\sigma\leq-n,$ $0<t\leq 1\}$ $W’(\sigma+it)$ .
, $n$ , $n\leq\sigma L$ .
, ${\rm Re}(s)<1/2$ $W’(s)$
. , , $W’(s)$
, . , $-\sigma_{L}\leq\sigma<1/2$
Liio , $W’(s)$
. , $\beta’\geq 1/2$ $W’(s)$
.
5 $W’(s)$
, $W$ ‘ $(s)$ Littlewood (Titch-






PROPOSITION 5.1 ${\rm Re}(s)=\sigma$
$X(s)=1+O( \frac{1}{c^{\sigma}})$ ,
, $C$ 1 .
, Littlewood .
$-\epsilon_{L}+it_{0},$ $\sigma_{0}+it0,$ $\sigma_{0}+iT’,$ $-\epsilon_{L}+iT’$ $R$
. , .
1. $\epsilon_{L}$ .
2. $\sigma 0$ Proposition 4.3, Proposition 5.1 .
3. to 2 .
4. $T’$ , $T-1\leq T’\leq T$ .
5. $T$ .
6. $R$ $X(s)$ .




(11) $- \int_{-\epsilon L}^{\sigma 0}\arg X(\sigma+it_{0})d\sigma+\int_{-\epsilon L}^{\sigma 0}\arg X(\sigma+iT’)d\sigma$
$=$ $I_{1}+I_{2}+I_{3}+I_{4}$ ,
, $\rho’$ $W’(s)$ $\beta’+i\gamma’(\beta’\geq 1/2)$ .
4 $I_{1},$ $I_{2},$ $I_{3},$ $I_{4}$
( [10] ).
LEMMA 5.2 $\rho’=\beta’+i\gamma’$ $W^{t}(s)$ . $Tarrow\infty$
, .
(12)
$\sum$ $( \beta’+\epsilon_{L})=(\epsilon_{L}+\frac{1}{2})\frac{Area(\Gamma\backslash \mathbb{H})}{4\pi}T^{2}-\frac{1+4\epsilon_{L}}{2\pi}T\log T+O(T)$ .
$1/2\leq\beta’\leq\sigma 00<\gamma’\leq T$
, $\epsilon_{L}$ $\epsilon/2$ . , (12)
,
$0< \gamma’\leq T\sum_{\beta’\geq 1/2}\frac{\epsilon_{L}}{2}=\frac{\epsilon_{L}}{2}\frac{Area(\Gamma\backslash \mathbb{H})}{4\pi}T^{2}-\frac{\epsilon L}{\pi}T\log T+O(T)$
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. $\epsilon_{L}/2$ , $N_{1}^{v}(T)$ (8)
. , (12) $\epsilon L$ $\epsilon_{L}/2$ , 2
. ,
$0< \gamma’\leq T\sum_{\beta’\geq 1/2}\beta’=\frac{1}{2}\frac{Area(\Gamma\backslash \mathbb{H})}{4\pi}T^{2}-\frac{T\log T}{2\pi}+O(T)$
.
$\frac{Area(\Gamma\backslash \mathbb{H})}{4\pi}T^{2}=N_{1}^{v}(T)+\frac{2}{\pi}T\log T+O(T)$
, 2 (9) .
6 $\beta’>1/2$
, $W^{l}(s)$ $\beta^{l}>1/2$ .
Theorem 4.2 , $t\geq 7$ , ${\rm Re}(s)=1/2$ $W’(s)$
$W(s)$ , $W’(1/2+it)$ $W(s)$
. , $N_{0}(T)-N_{1}^{v}(T)=O(T)$ (Luo [7,
p. 1150, Theorem 4] );
$\#$ { $r_{n}$ : distinct $|0<r_{n}\leq T$} $=\#\{\beta’>1/2|0<\gamma’\leq T\}+O(T)$ .
, $\beta’>1/2$
. 2 (9) ,
$\#$ { $r_{n}$ : distinct $|0<r_{n}\leq T$} $\gg$ $T\log T$,
$\#\{\beta’>1/2|0<\gamma’\leq T\}$ $\gg$ $T\log T$
.
. [10] . ,
Selberg trace formulas Hejhal [2], [3], Iwaniec [4], Kubota [5],
[6], Selberg [12], [13] .
,
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